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Abstract 

We use the method of stable degenerations to study the local geometry of Calabi-Yau four- 
folds for F-theory compactifications dual to heterotic compactifications on a Calabi-Yau 
threefold with fivebranes wrapping holomorphic curves in the threefold. When fivebranes 
wrap intersecting curves, or when many fivebranes wrap the same curve, the dual fourfolds 
degenerate in interesting ways. We find that some of these can be usefully described in 
terms of degenerations of the base of the elliptic fibrations of these fourfolds. We use 
Witten's criterion to determine which of the fivebranes can lead to the generation of a 
non-perturbative superpotential. 
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1. Introduction 

Heterotic compactifications on elliptic Calabi-Yau threefolds provide us with phe- 
nomenologically interesting vacua in four dimensions with N = 1 supersymmetry. More- 
over, such vacua are conjectured to have a dual description in terms of F-Theory com- 
pactified on elliptically fibered Calabi-Yau fourfolds. The heterotic vacua are specified by 
a choice of gauge bundle, constructed using the general techniques of Friedman, Morgan 
and Witten PJ . It was shown there that such vacua often include fivebranes wrapping the 
elliptic fibers of the Calabi-Yau threefold Z, whose number is determined by an anomaly 
cancelation condition. 

More generally, we can have fivebranes on the heterotic side wrapping holomorphic 
curves in Z. In this paper, we examine the geometry of fourfold duals of heterotic vacua 
with fivebranes. The cohomology classes of the curves being wrapped are fixed by the 
general heterotic anomaly cancelation condition 

[W]=c 2 {TZ)-X(V 1 )-X(V 2 ), (1.1) 

where [W] is the class of the wrapped curves, C2(TZ) is the second Chern class of the 
tangent bundle of the Calabi-Yau threefold Z, and X(Vi) are the second Chern classes 
of the vector bundles on Z. Note that this only fixes the curves up to their cohomology 
classes. Given that Z is elliptically fibered with a section a, we see that the class [W] may 
be written [W] = C\a + C2, so that under the projection tv : Z — > B2, C\ maps to a divisor 
in B<i , and C<i maps to h [p] , where [p] is the class of a point in B<i and h = § C% is an 
integer. Thus the class C<i actually describes the fivebranes wrapping the elliptic fiber of 
Z, while C\o describes the fivebranes wrapping holomorphic curves in the base B^. In this 
paper, we will refer to the first kind (i.e., those in the class C2) as vertical fivebranes, and 
the second (i.e., those in the class C\a) as horizontal ones. (It is of course possible for a 
fivebrane to wrap a curve which has both vertical (i.e., fiber) components and horizontal 
(i.e., base) components.) 

Under the duality, the vertical fivebranes map to F-theory threebranes || . The num- 
ber of the F-theory threebranes is related to the Euler number of the fourfold by tadpole 
anomaly cancelation ||. This relation is actually modified in the presence of the four form 
field strength G. Also, when the threebranes coincide with the sevenbranes wrapping divi- 
sors in the base B3 of the fourfold over which the elliptic fibration degenerates, they behave 
as instantons, breaking the gauge group observed from the singularity to a smaller one. 



1 



For the purposes of this paper, we will ignore both these possibilities, since they play no 
role in our analysis. Our results will be valid even in the presence of these complications. 

The horizontal fivebranes, on the other hand, map to geometric data on the F-theory 
side. Specifically, if a fivebrane wraps a curve C in S2 , then the F-theory base S3 is blown 
up once over the corresponding curve according to Q and independently ||. Fivebranes 
wrapping the same curve correspond to an equal number of blow-ups on the F-theory side. 

For the purposes of this paper, we choose to ignore the vector bundles on the heterotic 
theory altogether, and concentrate instead on the local physics of the fivebranes. Thus, we 
consider an extreme situation when the bundles V\ % are without structure group. This is 
analogous to the six dimensional vacuum with 24 small instantons, the anomaly cancelation 
being entirely due to fivebranes. The base of the F-Theory threefold in this case acquires 
several blowups ||, whose local description involves the method of stable degenerations 

M- 

In the four dimensional situation, it is precisely the horizontal fivebranes that corre- 
spond to blowup modes in the fourfold base. In this paper, will use the method of stable 
degenerations to describe this geometry. After a brief description of the general technique 
in section 2, we explicitly work out the fourfold geometry in the stable degeneration limit 
for a single horizontal fivebrane in section 3. When two fivebranes wrap intersecting curves, 
or when several fivebranes wrap the same curve, the dual fourfolds degenerate in interest- 
ing ways. We find that it is more useful to describe these degenerations by studying the 
degenerations of the corresponding base S3, which is the subject of section 4. We find, 
for example, that when two horizontal fivebranes intersect, the base S3 acquires a conifold 
singularity, while k horizontal fivebranes wrapping the same curve C in S2 lead to an A^-i 
singularity fibered over the corresponding curve in S3. 

In addition to affecting the geometry of the fourfolds, the fivebranes can contribute 
to the nonperturbative superpotential. Section 5 is devoted to discussing the criteria for 
determining which fivebranes can contribute to the superpotential, based on the work of 

MM- 

2. Heterotic Models and Stable Degenerations 

This section consists of a brief review of heterotic vacua and the stable degeneration 
limit. Consider a general d = 4, N = 1 heterotic vacuum specified by the compactification 
data (Z, Vi, V2). Here n : Z — > S2 is a nonsingular elliptic Calabi-Yau threefold with a 
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section a : B<i — > Z. Vi, Vi are two holomorphic bundles with structure group G\ where 
G\,i C E 8 . Throughout the paper, the base B 2 will be taken to be a Hirzebruch surface 
F e , with e = 0, 1, 2 in order to insure the smoothness of the total space Z. Moreover, the 
present considerations are restricted to heterotic models which admit an F-theory dual. 
Therefore, Z will be taken to be a smooth Weierstrass model 



zy = x 



3 -axz 2 -bz 3 (2.1) 



in P (Ob ® £ 2 © £ 3 ) with L ~ K B ^ in order to satisfy the Calabi-Yau condition, a, b are 
sections of £ 4 , £ 6 . The bundles Vi,2 will be specified by spectral data (£1,2, A/i^) 



According to HQ, the dual F-theory model can be constructed by taking the size 
of the base B2 very large so that we can use adiabatic arguments. The elliptic fibration 
7T : Z — > B2 is then replaced adiabatically by a K3 fibration over B2 with total space a 
Calabi-Yau fourfold X. It turns out that X can be represented as an elliptic Weierstrass 
model 7r' : X — > S3 where p : S3 — >• S2 is a rationally ruled threefold over B^- The 
moduli map between the heterotic and F-theory data has been discussed intensively in 

mMMM- 



A particularly convenient approach is the method of stable degenerations 
which establishes a direct geometric correspondence between the two sets of data. Briefly, 
this consists of taking a limit in which the size of the elliptic fiber of Z is also very large. 
Then, the F-theory fourfold X degenerates to a union of two fourfolds X = X\ \JzX2 glued 
together along a three dimensional variety isomorphic to Z. Both Xi, X2 are elliptically 
fibered over rationally ruled threefolds isomorphic to S3 with projections tt[, ti' 2 such that 
7T = k'\\z = n 2\z- The composite maps poir^ 2 are fibrations of -X"i,2 over B2, with generic 
fiber a rational elliptic surface dPg. 

As explained in H, JTJ] this procedure is very useful for studying the F-theory local 



geometry associated to heterotic small instantons. However, since the stable degeneration 
is, strictly speaking, at infinite distance in the moduli space metric, it may not be suitable 
for describing particular physical processes. This will be the case with certain fivebrane 
interactions and nonperturbative instanton effects. These phenomena are better described 
using a smooth resolution of the Calabi-Yau fourfold in a region of the moduli space where 
the geometric map developed via stable degenerations is still valid. 



3. A Single Horizontal Fivebrane 

Here we consider the case of a single heterotic fivebrane wrapping a nonsingular irre- 
ducible curve C C i?2- The goal of this section is to determine the corresponding F-theory 
geometry in the stable degeneration limit. Recall that the fourfold X = X\ can be repre- 
sented as a Weierstrass model over a base S3 which can be identified with the total space 
of a projective bundle P (Ob 2 © T) over S. In the following, we will restrict to models 
in which T ~ Ob 2 (~ T) for some effective divisor V on B2. To introduce some notation, 
note that the fibration p : S3 — > S2 has two disjoint holomorphic sections which will be 
denoted by Sq, by analogy with Hirzebruch surfaces. Then 

Soo = s +p*r 

(3.1) 

K B3 =-2S +p* (K B2 -T). 
The fourfold %' : X — ► S3 is described as a Weierstrass model 

y 2 = x 3 -fx-g (3.2) 

in P (Ob 3 ® C' 2 © £ /3 ), with £' = Bz (S ) ® p*Kg\ Note that the total space X is 
not a Calabi-Yau variety in this case. As in ||[7|], the structure of the elliptic fibrations is 
determined by the divisors 

F = 4S — 4p*K B2 

G = 6S - 6p*K B2 (3.3) 
A = 12S - Vlp*K B2 . 

The base S3 is glued to the base of the second fourfold of the stable degeneration along 
the section S^. Therefore the gluing divisor is the restriction of the elliptic fibration to 
Soo which can be described as a Weierstrass model with line bundle . This generically 
defines a smooth Calabi-Yau space which is identified with Z. Also, note that the restric- 
tion of the elliptic fibration to the generic rational fiber of p : S3 —>■ B2 has exactly 12 I\ 
fibers, therefore it is a rational elliptic surface as claimed before. 

Since we are interested in heterotic models without structure group, we first enforce 
a section of II* singularities along the section Sq of S3 ensuring an unbroken Es group. 
This corresponds to splitting the divisors F, G, A into 

F = 4S + F', F' = -4p*K B2 

G = 5S Q + G', G' = S - 6p*K B2 (3.4) 
A = 10S + A', A' = 2S - Vlp*K B2 . 
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The location of the small instantons will be determined by the collision of the component 
A' of the discriminant with the section Sq. A more precise description requires the explicit 
expression of the polynomials /, g, S function of the coordinates of the base. In fact, the 
Weierstrass model can be characterized in a neighborhood of Sq ~ B2 as a hypersurface 

y 2 = x 3 -fx-g (3.5) 

in the bundle T © T 2 © C? © T 3 © C? . Let s denote an affine coordinate along the fibers 
of S3 in the neighborhood of Sq. Hence s is a section of the normal bundle Ng /B 3 — T ■ 
Then we have the following power series expansions 

/ = s'h = s 4 f 

9 = s 5 (g 5 + sg 6 ) = s 5 g' (3.6) 



s 10 



As 2 f! + 27 (g 5 + sg 6 ) 



where f± is a section of £ 4 and #5, ^6 are sections of £ 6 © T, C 6 . 

The component A' is defined by 8' = 0. This is a quadratic equation in s with 
discriminant (up to a multiplicative factor) 

fbl (3-7) 
Therefore A' is a double cover of B2 branched along the locus 

h = g 5 = 0. (3.8) 

For future reference, let A, C denote the loci = and g$ = in So ~ B 2 respectively. 
By a suitable choice of the line bundle T, these can be assumed nonsingular irreducible 
curves. Note that C actually represents the locus of intersection of A' with Sq, which is 
precisely the location of the small instanton. The singularity of the total space X induced 
by the I\ +11* collision along C requires a blow-up of the base, as will be shortly detailed. 
The points of the discriminant in the inverse image of A in A' represent a locus of II 
elliptic fibers of X. Furthermore, note that A' intersects the section Soo along the locus 
L given by 

4/| + 27 g* = (3.9) 
which is a section of — 12Kb 2 - The equation 5' = is identically satisfied when 

4f! + 27g 2 6 = 0, g 5 = (3.10) 
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hold simultaneously. Therefore, the discriminant 5' contains the —12K B2 ■ C fibers of 
p : B 3 — > B 2 localized at the points of intersection C ■ L in B 2 . 

As observed above, a smooth model of the fourfold X can be constructed by blowing- 
up the base B% along the curve C embedded in Sq. In order to describe the resulting 
configuration, let (t, u) be local coordinates on So near a point P of C so that t is a normal 
coordinate and u is a coordinate on C centered at P. The section g 5 is assumed to have a 
simple zero along C, therefore, it will have a local expansion of the form 

95 = tg' 5 , (3.11) 

where g' 5 does not vanish at t = 0. The blow-up is described in affine coordinates by setting 
s = s\ti,t = t\ which results in 

/ = sitih 

9 = s\tl{g' b + s ig6 ) (3.12) 
\s\ft + 27 (g' 5 + s l96 f . 

The Weierstrass model can be set in normal form by rescaling the coordinates x, y by 
appropriate powers of t\ obtaining 

/ = s\U 

9 = 4i95 + sihge) (3.13) 
\s\fl + 27 (g' 5 + s l96 f . 

Globally, the exceptional divisor D is isomorphic to the projective bundle P {N C /b 3 ) whose 
P 1 fiber is parameterized by the affine coordinate s±. The degree of the ruling is — 6K B2 C. 
The strict transform of the vertical divisor p*C is isomorphic to another rationally ruled 
surface D' over C. Let , C^, Cq'.C^ denote the disjoint sections of D, D' respectively 
and let S' Q denote the strict transform of the section Cq. Then Sq and D intersect along 
Cq ', and D and D' intersect along a common section Cq ~ . The blown- up base B3 
can be regarded as a fibration p : B 3 — > B 2 with generic fiber P 1 . Above C C B 2 , the fiber 
consists of two rational components intersecting transversely. See Fig.l. for a schematic 
representation. 
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5 = a \ t\ 




Fig. 1: The blow-up geometry corresponding to a single horizontal fivebrane 
wrapped around the curve C. D and D' are the exceptional divisor and the proper 
transform of p*C respectively. The thick lines represent the intersection of the 
discriminant with D, D'. 



It follows from (|3.13|) that the proper transform of the discriminant A' intersects D 



along a divisor in the class 2C^ which does not meet S' Q . Therefore S' is an isolated 
section of II* fibers of the resulting fourfold X. Furthermore, A' intersects the surface D' 
along —12Kb 2 ■ C P 1 fibers which carry Ii elliptic fibers. An interesting exception arises 
in the case B>i ~ F2 and C = Cq. In this case, the exceptional divisor D is simply P 1 x P 1 
since Kb 2 ■ Cq = and A' intersects D along two disjoint sections. The strict transform 
D' does not intersect A' and there are no vertical lines carrying Ii elliptic fibers. 

If everything else is generic, the elliptic fibration is smooth away from S' Q and it 
has a locus of type II fibers which projects to the curve A in the base. From here, a 
smooth model is easily obtained by blowing up X along the section S' Q , obtaining an E$ 
Hirzebruch-Jung tree fibered over S' . These exceptional divisors play an important role 
in the dynamics of d = 3 N = 2 pure gauge theories [p~5| , p~6[ . 



3.1. The Spectral Cover 

The heterotic spectral cover corresponding to the above fourfold degeneration can be 
determined by analogy with the six dimensional situation considered in p|jn|]. In that 



case, it is known |J, that the extra Kahler moduli associated to a blow-up in the base 
corresponds to an extra (1, 0) tensor multiplet. This allows an identification of the threefold 
degeneration with a small Eg instanton, that is a heterotic fivebrane. In the present 
situation, the low energy effective action corresponding to the fourfold degeneration can be 
easily derived regarding the model as a IIB compactification on the base S3 with a varying 
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dilaton. Note that blowing-up S3 along the curve C has the effect of producing nontrivial 
homology 3-cycles. More precisely, the intermediate Jacobian J (S3) is isomorphic to the 
Jacobian J (C) |I7|JI^] . Therefore there is a 1 — 1 correspondence between H 1,2 (S3) and 
H ' 1 (C) given by the cylinder (or equivalently, Abel-Jacobi) map of ]T7|,^S[. Note that 
h 0,3 (S3) = /i°' 3 (I?3) = 0, therefore J (S3) is in this case a principally polarized abelian 
variety. 

The low energy effective action is then determined by reducing the SL(2, Z) invari- 
ant 4-form with self-dual field strength along the elements of H 1,2 (S3). The 
discussion is similar to the reduction of the M-theory fivebrane along a compact Riemann 



surface found in |I9[]. We have an ansatz 

G (5) = F A A + *F A*A (3.14) 

where F is a 2-form on R 4 and A is a 3-form on S3. The equation of motion dG^ = 
yields the Maxwell equations for F and requires A to be a harmonic 3-form. It follows 
from Hodge theorem that A defines a point in the intermediate Jacobian J (S3) . The 
corresponding low-energy effective action consists of U(l) 9 massless gauge fields whose 
couplings are determined by J (S3) (g is the genus of the wrapped Riemann surface). 
Taking into account the identification J (S3) ~ J(C), we conclude that the effective 
action derived this way is in fact identical with that of an M-theory fivebrane wrapping 



the compact Riemann surface C |20| . |2l}| . This provides physical evidence for identifying 
the fourfold degeneration with an Es heterotic fivebrane wrapping the curve C in the base 
S 2 . 

A more precise geometric picture can be achieved as follows. Note that the strict 
transform D' discussed in the previous subsection intersects the section along a curve 
isomorphic to C. The restriction of the elliptic fibration to D' gives an elliptic threefold 
Q — > D' with ii degenerations along — 12Kb 2 • C rational fibers of D'. Moreover, the 
heterotic Calabi-Yau threefold Z is identified with the restriction of n' : X — > S3 to S^. 
Therefore Q and Z meet along a surface S elliptically fibered over C and with — 12Kb 2 ■ C 



I\ fibers. As in |[L4|1 , this is an irreducible component of the spectral cover E = aU S. Note 
that the reducible spectral cover describes a "bundle without structure group" which is in 
proper language the ideal sheaf Jciz- Similar degenerations have been also considered in 

Before further developing the subject by considering multiple small instantons, a cou- 
ple of remarks are in order. Some aspects of the present construction may be better 
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understood by comparison with the threefold degenerations studied in [I3J (section 3.4). 



Note that in that case, the role of the elliptic threefold Q is played by an elliptic surface 
which is generically trivial i.e. Q ~ P 1 x T 2 . The injective map H 1 (Q, Z) — > -ff 3 (X, Z) 
induces nontrivial homology 3-cycles on X. The spectral cover is again reducible T, = aUS 
where S is isomorphic to the constant elliptic fiber of Q. Therefore, the Jacobian of E, 
which is isomorphic to that of S, is mapped injectively into the intermediate Jacobian of X. 
This is part of the Heterotic/F-theory map which maps the position of the small instanton 
along the elliptic fiber to Ramond-Ramond moduli of X. In the present situation, S is an 
elliptic surface which can be written as a Weierstrass model over C C a with line bundle 
Kg 2 \c- This shows that the normal bundle Nq/s — Kb 2 \c is of negative degree, therefore 
C cannot be deformed in S. Accordingly, there are no moduli parameterizing the position 
of the small instanton along the elliptic fiber. If the genus of C is g > 1, the surface S 
has a nontrivial Jacobian isomorphic to that of C which injects in the Jacobian of X as 
explained before. This is again part of the Heterotic/F-theory map having, however, a 
different physical interpretation in terms of the effective couplings of the four-dimensional 
low-energy action. 

Note that there is an exception to this generic behavior. Namely, as also noted before, 
if B ~ Fi and C = Co, it turns out that the threefold Q and the surface £ = Q n Z are 
trivial elliptic fibrations, that is Q ~ D' x T 2 and E ~ P 1 x T 2 . This behavior is very 
similar to the six dimensional case since the Jacobian of £ is now isomorphic to that of the 
trivial elliptic fiber. In particular, the fivebrane wrapped on C C a can be moved along 
the elliptic fiber and its position on T 2 is parameterized by a point in the Jacobian. 

3.2. Interaction with Vertical Fivebranes - A Puzzle 

We know from anomaly cancelation considerations that vertical fivebranes should also 
be present. Since they are obviously mobile along the heterotic base, the vertical fivebranes 
can collide the horizontal brane by a suitable tuning of moduli. For simplicity, we consider 
a single vertical fivebrane approaching the horizontal one. The effective theory on the 
non-compact directions of the vertical fivebrane is a free U(l) gauge theory with three 
neutral complex chiral multiplets. Two chiral multiplets parameterize the motion of the 
fivebrane along the base. The scalar component of the third, $ = + ia, incorporates the 
position cj) along the interval S 1 /Z2 and the fivebrane axion da = *±dB. 

In flat eleven dimensional space, such a collision is expected to result in extra degrees 
of freedom - "tensionless strings" - localized on the intersection and eventually in an 
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interacting superconformal fixed point [23,33]. In our case, the fivebranes wrap Riemann 
surfaces embedded in a curved space, therefore there could be extra effects and it is not 
clear if the decoupling takes place. 

A possible approach to this problem is via duality with F-theory. As noted above, 
the horizontal fivebranes map to background threebranes filling the non-compact 3 + 1 
directions. The expectation value of the field $ is related to the position of the threebrane 
on the P 1 fiber of p : S3 —>■ B. In particular if the vertical fivebrane is localized at a 
point P e C on the base I?2, ^ corresponds to the threebrane position along the P 1 
fiber of the proper transform D' . Therefore, the collision takes place precisely when the 
threebrane hits the exceptional divisor D. However, this apparently leads to a puzzle since 
the total space of the threefold S3 is smooth hence, we have no reasons to expect an 
interacting theory on the threebrane worldvolume when it collides with the intersection 
D'nD. In particular, although the heterotic picture suggests a solitonic string of vanishing 
tension localized on the intersection of the fivebranes, no such object can be found in the 
threebrane worldvolume theory. At the present stage, although we do not have a complete 
solution of this puzzle, we suggest that it could be understood along the following lines. 
The present picture is valid within the framework of adiabatic duality, i.e., the size of the 
base B2 is much larger than the size of the elliptic fiber. Note that this is not the case 
in the stable degeneration limit, therefore the analysis is performed using a smooth F- 
theory model in a suitable region of the moduli space so that the local geometry described 
by the stable degeneration is still valid. Then, the intersecting fivebranes can be locally 
modeled as two intersecting fivebranes in M-theory on R > x T 2 . The vertical fivebrane 
corresponds to a fivebrane whose relative transverse directions are wrapped on T 2 , while 
the horizontal fivebrane is transverse to the torus. Using standard duality arguments, 
this configuration can be mapped to a D3-brane in Type IIB theory moving in a smooth 
Taub-NUT background. Therefore the theory of the brane has a smooth moduli space, 
similarly to the situation considered in |[25|| . In particular, there are no singularities and 
no extra light degrees of freedom at any point in the moduli space. This is in agreement 
with the F-theory picture developed above. 

Another question is related to the possibility of deforming the intersecting fivebranes, 
obtaining a single brane wrapping a smooth irreducible curve in the Calabi-Yau threefold. 



This is an interesting question also treated in For concreteness, let us consider a 

fivebrane wrapping an effective cycle in the homology class C + nf where / is the class 



of the elliptic fiber. As shown in a particular example in [21], the moduli space of this 
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fivebrane has, in general, many disconnected components. More precisely, let E = n*C 
and i : E — > Z denote the inclusion. There could several homologically inequivalent 
configurations of holomorphic curves on E mapping to the homology class C + nf G H-2(Z) 
under the map i* : i?2(E) — > B.2(Z\ However, although these curves are homologically 
equivalent when embedded in Z, they may not be algebraically equivalent, in which case 
the different types of fivebranes cannot be deformed one to another in a supersymmetric 
way. This gives rise to several distinct components of the fivebrane moduli space. 

For the class C + nf, one can show that there are no algebraic (i.e., holomorphic) 
deformations that lie entirely within E = n*C. However, it may be possible to deform 
this class in the ambient space Z. Such deformations, cannot, however, exist if C has no 
deformations in B2 (e.g., if C ■ C < 0). This is because any deformation of C + nf into a 
smooth irreducible curve C in Z must project down to a deformation of C in B2, but C 
cannot move in B2, which implies that the deformation lies entirely in E, and hence does 
not exist. Thus, if there is a curve C in E which is different from C + nf in ^(E), but 
maps to the same element of Hi(Z) under i*, then we cannot deform holomorphically from 
C + nf to C , so that they sit in disconnected components of the fivebrane moduli space. 
However, it is not clear if such deformations exist if C moves in B2. Deformations entirely 
within E can exist when the multiplicity of the horizontal fivebranes is greater than one, 
i.e., the fivebrane class is kC + nf, with k > 1. This phenomenon will be considered at a 
later stage. 

4. Multiple Fivebranes 

4-1. Intersecting Horizontal Fivebranes 

The discussion in the previous section can be generalized in several different ways. 
We consider here the situation when we have two horizontal fivebranes wrapping two 
irreducible smooth curves C\ , C2 C B2 intersecting in a finite number of points. These 
curves may belong to the same, or different cohomology class in the base. In ||J], the dual 
F-theory picture was described in terms of intersecting del Pezzo surfaces. Here, we will 
describe it in terms of the geometry of the fourfold base. This corresponds to viewing 
F-theory as a nonperturbative Type IIB vacuum, which, as we will see shortly, is a more 
useful picture. 

For simplicity, we first consider the case when both C\,Ci are rational and they 
intersect in exactly one point (for example a fiber and a section of a Hirzebruch surface). 
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The base of the fourfold B 3 is now given by the P 1 bundle p : B 3 — > B blown-up twice 
along the curves C\, C 2 embedded in the section So. Since the curves are intersecting 
the order of the blow-ups is important, as explained in the following. Assume that C\ 
is blown-up first. Let D\,D 2 denote the exceptional divisors, which are P 1 rulings over 
Ci,C 2 and let Ei,E 2 denote the classes of the fibers. Also, let D[,D' 2 denote the strict 
transforms of the vertical divisors p*C\,p*C 2 . Near the intersection point P E So, the 
geometry looks as in Fig. 2. 




Fig. 2: The blow-up geometry corresponding to two intersecting horizontal five- 
branes. Note that the fiber acquires a third component E3 = D\ D D' 2 over the 
intersection point. 

Note that when performing the second blow-up along C 2 , the exceptional divisor Di un- 
dergoes an embedded blow-up at the point P. This results in a reducible fiber with three 
components, the third component E 3 being the difference E\ — E 2 . The strict transform 
D' 2 also acquires a reducible fiber with a component identified with E 3 . Therefore we have 
Di ■ D' 2 = E 3 . Note that E s is then a (—1) curve in both surfaces, hence we can compute 
its normal bundle 

N E3/B - 3 ^0(-l)®0(-l). (4.1) 

If the blow-ups are performed in different order, the roles of Di,D 2 are interchanged, so 
that that the extra component E 3 lies now in D 2 ,D' 1 . In this case, E$ = E 2 — E\. In 
fact the two models are related by a flop transition whose physical interpretation will be 
investigated below. 

At classical level, the map between heterotic and F-theory parameters is similar to 
the six dimensional case. The sizes of Ei,E 2 give the positions 0i,02 of the fivebranes 
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in the M-theory interval, and are therefore generically different. Furthermore, the size 
of E3 is related to the distance \<pi — 02 1 between the two fivebranes along the M-theory 
interval. In particular, note that as long as E% is of finite size, the two fivebranes do not 
really intersect each other. Finally, as noted above, there are two choices for the curve 
-E3, namely E\ — E2 or Ei — E\. The process of going from one situation to the other can 
be interpreted as moving the two fivebranes past each other along the M-theory interval, 
with the fivebranes intersecting when E\ = E2, i.e., when £3 shrinks to zero size. 

Thus, we find that intersecting fivebranes on the heterotic side correspond to an 
isolated singularity in the base of the F-theory fourfold. If both curves are rational as 
stated above, the singularity in S3 can be very simply identified as a conifold by looking 
at the toric diagram of the fan of the fourfold base. 



R7 R8 




R3 R6 



Fig. 3: Toric diagram of a conifold. The figure on the left gives the fan of (-P 1 ) 3 
blown up along two P 1} s in the base (P 1 ) 2 . The fan of the base (P 1 ) 2 is described 
by the rays R3, . . . , R6. The conifold singularity is described by the rays R3, R6, R7 
and R8. The two small resolutions of the conifold correspond to different triangu- 
lations of the fan, and are shown on the right. 

The two resolutions of the singularity are then different triangulations of the fourfold, 
related by a flop, which is precisely the transition of E3 from E\ — E2 to E2 — E\. It is 
worth emphasizing here that the conifold singularity is not in the Calabi-Yau fourfold itself, 
but in the base S3. Alternatively, the normal bundle computation ( }4.1j ) shows that the 
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singularity resulting from shrinking E% is a simple node. Thus, separating the fivebranes 
on the M-theory interval, which gives E3 a non-zero volume, corresponds to resolving the 
conifold singularity, and the two ways of moving them apart correspond to the two possible 
small resolutions of the conifold. 

The relation between intersecting fivebranes and the conifold singularity has been well 



studied recently [|^ . [^^ , |^ , pOtpl| . It has been shown there that starting from a config- 
uration of two infinite Type IIA NS-fivebranes stretching along (012345) and (012389), 
and T-dualizing along xq, we obtain Type IIB on a conifold. The separation of the NS- 
fivebranes along xq maps to a component of the B field under the T-duality. Furthermore, 
if we have fourbranes along (01236), these map to threebranes on the conifold singularity. 
In our case, we have fivebranes in the heterotic theory. Thus we can heuristically relate 
our situation with the IIA case by first going to M-theory by taking the strong coupling 
limit of the IIA configuration (in which case the fourbranes now become fivebranes along 
(01236&10)), and then compactifying £7 to an interval (S l /Z2)- We emphasize that this is 



only heuristic, since the analysis of Refs. [ 25 , 55 , ^5 , 5^ , 5X1 is valid only for infinite branes, 
while the fivebranes here are compact (at least along the wrapped curves). However, since 
the geometric description of the heterotic/F-theory vacua above is strictly valid only when 
both the volumes of the section a (and hence the wrapped curves) and the elliptic fiber 
are both large, we have reason to trust our conclusions. In particular, we see that in the 
F-theory case, we cannot turn on B fields (as they are not SL(2, Z) invariant), so this is 
analogous to having x§ — in the IIA case. Moreover, we see that there is a very sugges- 
tive relation between the vertical heterotic fivebranes and the IIA fourbranes, since in the 
M-theory limit, the fourbranes become fivebranes wrapping (6&10), which form a torus 
(since both xq and X\q are compactified on circles), and the vertical heterotic fivebranes 
wrap the elliptic fibre, which is also a torus. Furthermore, in both cases, they are related 
to threebranes on the dual. 

We can use the analogy developed above to describe the situation when the F-theory 
threebranes coincide with the conifold singularity in the base. Note that the threebranes 
only move along S3, or rather, a section of the elliptic Calabi-Yau fourfold X4. This follows 
from viewing the F-theory vacuum as Type IIB compactified on S3, since the threebranes 
and sevenbranes are, strictly speaking, Type IIB objects. When n threebranes sit on 
the node of the conifold (recall that it is really the base S3 which develops the conifold 
singularity) , the heterotic dual consists of intersecting horizontal fivebranes with n vertical 
fivebranes at the point of intersection. Thus, we are again in a situation similar to the 
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one discussed in [26,28.2£, 30| , |3T[| , where the M-theory dual of n threebranes on a conifold 
consists of n fivebranes along (01236&10) between two transverse fivebranes along (012345) 
and (012389), respectively. However, since we are really in F-theory, we must switch off 
the the B and B fields. This corresponds in the M-theory picture to setting the x& and 
Xio separations of the transverse fivebranes to zero, so that there really is only one set of 
fivebranes between them, and not two. Thus while the gauge theory in the more general 
situation of [p6| , |28|j29| , |30| , |3T[1 is an SU (n) x SU (n) theory, we see that in our case, we only 



get an SU{n) gauge theory at the singularity. Note that unlike the situation in section 
3.2, the arguments of []24|| showing the existence of an interacting theory on the fivebrane 
intersection are supported by the F-theory picture. 

The relation between the present situation and the one discussed in [ p6| , |28|j29| , |30| , |31 



suggests a useful interpretation of the resolution of the conifold singularity in terms of 
the fivebranes. We note that the size of E3, the resolving P , is related to the separation 
the fivebranes along the M-theory interval. We have argued before that this corresponds 



to the xj direction in the picture of [ 25 , Z8 , Z9 , ^D , 5I] . Therefore, resolving the conifold 
should correspond to separating the transverse fivebranes along x-j in the brane picture. 
In fact, separating the fivebranes along X7 corresponds to turning on a Fayet-Iliopoulos 
D-term in the Lagrangian of the N = 1 U(l) gauge theory describing the conifold, whose 



coefficient ( is the X7 separation of the branes |26|,[32|]. But, as shown in [p6| , setting ( 7^ 
gives a resolution of the conifold singularity, and in fact there are two different resolutions 
depending on the sign of £. Moving the fivebranes past each other in the X7 direction 
thus corresponds to a flop transition in the dual theory, exactly as in the heterotic picture 
above. 

The conifold has another interesting property: it can be deformed to a smooth mani- 
fold. Thus, we expect to be able to deform the base B% away from the conifold. What is 
the heterotic dual of this deformation? 



It was shown in |3^] that the conifold metric is deformed to a smooth metric when 
threebranes sit on the node of the conifold. We will show in our case that even in the 
absence of the threebranes, there are often deformations that smooth out the singularity. 

Consider the following example, first discussed in [ffl . We consider the heterotic theory 
on the Calabi-Yau threefold elliptically fibered over the Hirzebruch surface F±, with Eg 
bundles chosen so that the dual Calabi-Yau fourfold is elliptically fibered over F100 = 
F\ x P . Now let us consider two horizontal fivebranes, one wrapping the zero section Cq 
and the other wrapping the fiber class / of F\. Since Cq • f = 1, these fivebranes intersect 
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exactly once, therefore we are in the situation discussed above. Setting the size of the 
exceptional component E$ to zero corresponds to moving the fivebranes on top of each 
other in the M-theory interval so that they actually intersect, and we obtain a conifold 
singularity in B3. However, we can now deform away from the conifold as follows. The 
infinity section C^ of F\ is in the same divisor class as Cq + f, but has one additional 
deformation modulus (Co has no moduli as it has negative self-intersection and so cannot 
be moved, / has exactly one modulus, and C^ has two moduli). Thus, we can deform the 
intersecting fivebranes into a single one wrapping Coo. On the F-theory dual, we obtain 
a Calabi-Yau fourfold with different Hodge numbers (since the moduli are different) but 
the same Euler number (since the number of threebranes is the same). 

On the other hand, if the heterotic base were the Hirzebruch surface F2 instead, then 
we cannot deform the two curves Co and / into a single curve. Thus the node at the point 
of intersection of Co and / cannot be deformed. We see therefore that there is a global 
obstruction to the deformation of the conifold singularity obtained by the intersection of 
the two curves. This global obstruction can be simply stated as follows. The number 
of moduli of a curve C in the heterotic base B2 is given by h°(Nc/B 2 ) = ^°(Cc(C)), 
the number of deformations of the normal bundle Nq/b 2 = Oc{C) of C in B-i- When 
h ' (B2) = /i 1 (i?2, O) = 0, the number of moduli is also the dimension of the linear system 
of the divisor associated with the curve C, which is simply h (B%, 0(C)) — 1. Clearly, if 
we have two curves C\ and C2, then we can deform to a single curve only if C\ + C 2 has 
more moduli than C\ and C2, so that the deformation exists only when 

/ l °(O (Cl+C2) (C 1 +C 2 ))>/ l (Oc 1 (C 1 )) + /i°(Oc 2 (C 2 )). (4.2) 

To summarize, we have found that intersecting horizontal fivebranes are dual to iso- 
lated conifold singularities in the F-theory base. At classical level, the theory exhibits 
two branches corresponding to the small resolution and respectively to the deformation of 
singularities. The passage from one branch to the other represents an extremal transition 
in the fourfold geometry. Although the situation seems similar to the conifold singularities 
encountered in N = 2 string vacua [ 34 , 35R , there are important differences. First note that 



the S 3 cycle present in the local deformation of the conifold is in general homologically 
trivial in the deformed F-theory base. If C\ , C 2 are rational curves, this follows easily by 
noting that the third Betti number of the deformed base is zero. Therefore, the usual 
restrictions on Kahler resolutions imposed by the presence of three-cycles are absent in 
this case. In particular, small Kahler resolutions of single isolated conifold are allowed. 
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Physically, this means that on the deformation branch, we cannot identify a state of 
vanishing mass at the singularity. Moreover, even if S 3 were homologically nontrivial, a 
wrapped threebrane would still not define a stable BPS state due to the reduced amount 
of supersymmetry. At the same time, a threebrane wrapped around the S 2 cycle of a 
small Kahler resolution will give rise to a stable BPS string whose tension goes to zero 
as we approach the singularity. In the context of Calabi-Yau conifolds, this string has 
been identified with a flux tube between charged sources in the confining phase of an 
N = 2 gauge theory |3^]. Here, single conifold transitions are allowed, therefore such an 



interpretation is no longer valid. Instead, we can regard the stable tensionless string as 
(weak) evidence for the existence of an interacting superconformal theory localized at the 
singularity. This would be dual to the theory on intersecting heterotic fivebranes. 

Thus far, we have only considered curves of genus zero, i.e., P lJ s. Let us now see 
how this discussion needs to be modified when we have curves of higher genus. First, 
according to section 2, the F-theory dual of a fivebrane wrapping a curve of genus g is 
once again a blowup of S3 over the same curve, the size of the blowup giving the position 
of the fivebrane in the M-theory interval. When two such curves intersect in n points, 
the local geometry near each intersection point is identical to that represented in Fig. 2. 
Therefore we obtain n exceptional P 1 components of type E3 which are in the same 
cohomology class, either E% — E2 or E% — E\. Since the total space is Kahler, they are also 
of the same size giving the separation between the fivebranes on the interval. When the 
two fivebranes coincide, all the exceptional P 1 components shrink simultaneously and we 
obtain n isolated conifold singularities. This picture shows that the n isolated singularities 
cannot be resolved independently. There are precisely two ways of resolving the singularity 
(which are related by a flop), corresponding to the two ways of separating the fivebranes 
on the interval. Once again, deforming the two curves C\ and C2 into a single curve in 
the class C\ + C2 is a deformation away from the singularity. The global obstruction to 
this is again given by Eqn. (|4.2| ). 

4-2. Parallel Fivebranes 

Now consider the situation when we have two horizontal fivebranes wrapping the same 
curve C. Again, we first consider the case when the curve in question is a P . On the 
F-theory side, the base B% now has two intersecting exceptional P lJ s E\,E<i fibered over 
C (E3 is the proper transform of the original fiber) 
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Fig. 4: The blow-up geometry corresponding to two fivebranes wrapping the curve 
C. 

with the size of the E2 giving the mutual separation of the fivebranes along the M-theory 
interval. Blowing down this P , therefore, corresponds to moving the fivebranes on top 
of each other. This gives an A\ singularity over C in S3. More generally, if we have k 
coincident fivebranes wrapping C, we would get an Ak-i singularity over C in S3. In 
addition, if we have n coincident vertical fivebranes, this corresponds on the F-theory side 
to n threebranes on the Ak-i singularity. As before, we see that this is very similar to 
the situation discussed in Refs. |3(],^9|], except that the S fields are zero in our situation, 
corresponding to zero separation of the branes along xq and X10 in the brane description. 
For clarity, we will restrict our attention to the case when we have only two parallel 
fivebranes for the rest of this section. The generalization to more branes is elementary. 

Apart from the obvious resolution of this singularity (blowing up the P 1 again, corre- 
sponding to separating the fivebranes), we can deform away from it as follows. First, if C is 
movable (i.e., if h°(O c (C)) > 0), then we can deform away from the singularity by moving 
one curve away from the other in B>2- If C.C = 0, then the two curves no longer intersect, 
and the corresponding S3 is smooth. However, if C ■ C > (C • C < is impossible here, 
since we have assumed that C is movable), then the curves intersect in a set of points, 
and S3 becomes a conifold, as in the previous section, with a set of isolated nodes. We 
can then either resolve the conifold by blowing it up, i.e., separating the fivebranes, or by 
deforming it further. This deformation is only possible if 2C has a smooth section different 
from C, i.e., if h (O2c(2C)) > 2h (Oc{O))- In this case, the curves can be deformed into 
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a single curve, and we get a single fivebrane wrapping a smooth curve in the class 2C. Of 
course, in this case, we could have directly deformed the two curves into a single curve 
without passing through the conifold phase. If C is not movable, then we cannot deform 
to a conifold. However, if /i o (02c(2C)) > 2h°(Oc{C)), then we can still deform to a single 
curve, because 2C is then movable. If, however, 2C is also not movable, then we cannot 
deform away at all. The geometrical analysis can be easily generalized to curves of higher 
genus. 

Note that in contrast with the previous cases, the low energy theory obtained here 
is essentially associated to a curve of Ak-i singularity in Type IIB theory. Therefore we 
will have an interacting theory which can be described as the compactification of the (2, 0) 
field theory on a Riemann surface. If vertical fivebranes are added to the picture, the dual 
F-theory phenomenon consists of threebranes transverse to a curve of Ak-i singularities in 
IIB theory. This is a familiar situation encountered many times in the literature, starting 
with ||37|| . However, the resulting effective theory may present some complications due to 
the finite size of the singular curve. This will be discussed in the next subsection. 

Finally, we can combine the situation here with that of the previous subsection, and 
consider k\ horizontal fivebranes wrapping C±, fca horizontal fivebranes wrapping C2, and 
n vertical fivebranes at a point of intersection of C\ and C%. First, ignoring the vertical 
fivebranes, the dual F-theory degeneration consists of two curves of A^-x and Ak 2 -i sin- 
gularities intersecting transversely in B%. This results in a nonabelian conifold singularity 
3£||39]]. Near each intersection point, this is again similar to a situation considered in Ref. 



2~9[j , where the singularity was shown to be of the form xy = z kl w k2 . Note again that the 
xq separation of the branes is zero since we have to set the B fields to zero. It is an easy 
exercise to describe geometrically the various deformations and resolutions of this situa- 



tion. The specific example of ki = 1, k^ = 2 was worked out in §4 of Ref. ||29|| . Bringing 
the k vertical fivebranes near an intersection point corresponds to placing n threebranes at 
a nonabelian conifold singularity in F-theory. The description of the low energy effective 
theory is quite difficult in this will be detailed in the following. 

4-3. Merging Horizontal and Vertical Fivebranes - A Second Puzzle 

Consider the situation discussed in the previous subsection, namely n vertical five- 
branes intersecting k > 1 horizontal fivebranes wrapped around a curve C in B2. Here 
we encounter a qualitatively new phenomenon. The fivebranes can merge together into 
a single fivebrane wrapping a smooth curve C in the Calabi-Yau space Z. An obvious 
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necessary condition for this is (kC + nf) ■ C > 0, i.e.,n> —kC-C. The resulting fivebrane 
is, in a sense, "skew". The case k = 1 was discussed in section 3.2. 

Therefore, it follows that there is a new branch of the theory along which the low 
energy effective action consists of g(C) abelian gauge fields whose couplings are governed 
by the Jacobian of C . The main problem is to understand the F-theory origin of this 
new branch. As a first step, note that this phenomenon cannot admit a pure geometrical 
interpretation. This is because horizontal and vertical fivebranes map to very different 
objects in F-theory. The horizontal fivebranes are described in terms of blowup modes in 
the base, which can be described purely in terms of the fourfold geometry, but the vertical 
fivebranes map to threebranes, which are not related in any way to the geometry - rather, 
they constitute additional non-geometric data necessary for the complete description of 
the F-theory vacuum. Therefore, when these two kinds of fivebranes merge into a single 
fivebrane, it is unlikely to find a pure geometric description. 

In the following, we suggest a possible resolution of this puzzle based on a careful 
analysis of threebranes transverse to a curve of A^-i singularities. In principle, threebranes 
transverse to an Ak-i singularity are described by an Ak-i quiver gauge theory [p7[ . The 
space time parameters - blow-up modes and theta angles - are realized as FI terms in 
the brane gauge theory. However, at the same, the spacetime moduli are coordinates 
along the flat directions of the Ak-i (2,0) theory localized at the singularity. A similar 



situation is encountered in the (1,0) theories with tensor multiplets discussed in |4C],[|l 



In the present situation, the spacetime (2, 0) is compactified on a Riemann surface of 
finite size, therefore it yields an interacting four dimensional theory with no Lagrangian 
description. Moreover, the (2, 0) degrees of freedom must interact nontrivially with the 
threebrane degrees of freedom, as a result of the previous interplay between space time 
moduli and brane gauge theory. Therefore, we conclude that the theory associated to 
F-theory threebranes transverse to a curve of Ak-i singularities must be a complicated 
interacting fixed point. The new fivebrane branch found above can then be interpreted 
as a low energy Coulomb branch emerging from this fixed point. In particular, it is a 
non-geometric branch. 

When C ■ C = —2, £ = n*C ~ P 1 x T 2 , and there is a brane construction for the 
above situation. The above Coulomb branch can then be interpreted in terms of fractional 
branes [52]. It is not clear if this description holds in the more general cases. 

Another possibility |4j|], is to compactify on a further circle to M-theory. In this 
picture, the F-theory threebranes map to membranes. Deforming kC + nf to a single 
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irreducible curve might correspond to absorbing n membranes and turning on a four-form 
field strength flux carrying n units of membrane charge. Lifting back to F-theory, this 
would map to turning on H, H fluxes. We are currently investigating this possibility and 
hope to report on it in the future. 

Finally, note that the situation is even more complicated when vertical fivebranes sit 
at a point of intersection of multiple horizontal fivebranes. 



5. Discussion of the Superpotential 

In the previous sections, we have studied the N = 1 moduli space from an essentially 
classical point of view. Here we will discuss how the classical picture is modified by 
nonperturbative instanton effects. From the heterotic perspective, there can be various 
nonperturbative phenomena generated by spacetime or worldsheet instantons. All these 
effects have a simple and unitary F-theory interpretation in terms of threebrane instantons 
wrapping divisors in the threefold base. In the following we will give a systematic treatment 
of these effects for the small instanton degenerations considered so far. Note that in order 
obtain correct results, the zero mode computations must be performed away from the zero 
degeneration limit, that is for a smooth elliptic Calabi-Yau fourfold 7r : X — > B%. This 
can be seen, for example, by taking into account the M-theory origin of the instantons 
explained in |TI| . In order to obtain such a smooth model, the base B3 must be blown-up 



a number of times along certain curves contained in the two II* sections. As before, let 
S3 denote the blown-up base. Many of the results of this section have been obtained 
independently by A. Grassi |44[]. We are grateful to her for sharing her results with us. 



i) Heterotic worldsheet instantons. Generically, these correspond to threebranes wrap- 



ping divisors W C S3 which are vertical with respect to the map p : S3 — > B2 [19 1 . Here 



this is still valid if W is the pull back of a generic curve C in the base, other than the 



support of the exceptional locus. In this case, we can apply directly the results of ||10 
The number of zero modes is given by 

X(0^ W ) = ^K B3 W 2 . (5.1) 

Since W = p*C, W 3 = and the adjunction formula 

K w = (K S3 +W)-W (5.2) 
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shows that 

K Ba W 2 =K w -W = -2(C 2 )b 2 . (5.3) 

Therefore, only divisors supported on curves with (C 2 )b 2 — ~ 1 can contribute. As the 
base B2 — F n , < n < 2, it follows that a superpotential can be generated only if n = 1. 



The analysis of [[0|,|TO| shows that in this case, a superpotential is actually generated. 

ii) Noncritical string instantons. Regarding the heterotic theory as M-theory on an 
interval, there are two types of noncritical strings corresponding to membranes stretching 
between two fivebranes or membranes stretching between a fivebrane and a nine dimen- 
sional wall. Some effects associated with these instantons have been discussed in 051,(16 



These are BPS strings whose tension is proportional to the separation between the branes. 
Therefore, taking into account the moduli map developed in the previous sections, they 
can be naturally identified with Euclidean threebranes wrapping the exceptional divisors 
in F-theory. More precisely, let us consider a configuration of k fivebranes wrapping a 
curve C in B2 and separated along the interval. The corresponding F-theory geometry 
consists of a sequence of divisors Dx, D2 . . . D&, -Dfc+i with normal crossings as explained 
in section 4.2. Threebranes wrapped on the divisors Dx,Dk+x correspond to membranes 
stretching between the first and the last fivebrane and the nine dimensional walls respec- 
tively. At the same time, threebranes wrapped on Dx . . . correspond to membranes 
stretching between consecutive fivebranes. The number of zero modes can be computed 
again using formula ( |5.1|) . In fact a simple local computation shows that the fibers Ex, Ek+x 
of _Di,.Dfc+i are negative extremal rays in the blown-up threefold base, therefore we can 
apply the results of [!(]] (Ex. 2.9.1 and Prop. 3.4). This shows that 

X (0^ Dl ) = X (O^D k+1 ) = 1 - 9(C) (5.4) 



where g(C) is the genus of the curve. Moreover, it can be shown as in |T0[ that the Hodge 
numbers of these divisors are 

h°'° = l, h^=g{C), h°> 2 = h°> 3 = 0. (5.5) 

Therefore the divisors Dx, -Dfc+i contribute if and only if C is a rational curve. 

This formula does not apply to the middle divisors Dx . . . since their fibers are not 
negative extremal rays. The number of zero modes can be computed recursively as follows. 
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For simplicity consider the case k = 2 represented in fig. 4. Let n^, i = 1,2,3 denote the 
degrees of the rulings of the three divisors. Note that by construction, 

n 1 =n 2 + (C 2 ) B2 (5.6) 

and the divisors D\ , D 2 intersect along a common section C\ 2 isomorphic to C. The 
adjunction formula ( |5.2| ) shows that 

K^D\ = (K D2 - Dl) ■ D 2 (5.7) 

where 

K D2 = -2C 12 + (2g(C) - 2 - n 2 )E 2 . (5.8) 

Furthermore, a local computation shows that the restriction of the normal bundle -^d 2 /b 3 
to the P 1 fiber E 2 is of degree —2. Therefore, we have 

N D2/ b 3 =-2C 12 + aE 2 (5.9) 

where a is an integer number which can be determined as follows. The triple intersection 
D\D 2 can be computed in two equivalent ways 

B X D\ = (C 2 12 ) Dl = m 

(5.10) 

= C 12 ■ D 2 = 2n 2 + a. 



Using also ( |5.6| ), we find 

a = (C 2 ) B2 -n 2 . (5.11) 
Finally, (^), O and O imply that 

X (0^ D2 ) = -(C 2 ) B2 + 2g(C) -2 = -C-K B2 . (5.12) 

It is clear that this recursive step can be applied for each of the divisors D 2 . . . yielding 
the same result. The Hodge numbers can be computed using the general expressions in 
|lU[ j and the Riemann-Roch theorem on the Di 

h°'° = l, h°> l =g{C), h°> 2 = -C ■ K B2 + g{C) - 1, h°> 3 = 0. (5.13) 

Note that again there is an exceptional case, namely B ~ F 2l C = Cq when the above 
general formulae do not hold. In that case, we obtain similarly 

h°>° = l, h°> l = l, h°> 2 = h°> 3 = 0. (5.14) 
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Therefore, although — C ■ Kb 2 = 1 is a necessary condition for the generation of a superpo- 



tential, it may not be sufficient ||19j . A sufficient condition also requires g(C) = 0, showing 
that the contribution is certain for rational curves satisfying (C 2 ) B = — f. If the base is 
a Hirzebruch surface of degree < n < 2, this can be realized only when n = 1 and C is a 
rational curve. 

Hi) Exceptional Instantons. In addition to the effects discussed so far, there are 
also contributions coming from the resolution of the sections of E% singularities of the 



elliptic fibration. These have been shown in [15,16] to give the expected gauge theoretic 



nonperturbative superpotentials and will not be discussed here. 

5.1. Toric Description 

It is interesting also to consider the computation of the zero modes in the light of 
toric geometry, which provides a method of explicitly constructing Calabi-Yau fourfolds 
as hypersurfaces in toric varieties. Such a Calabi-Yau fourfold X is described by a dual pair 
of five dimensional reflexive polyhedra (A, V). In particular, the points in V correspond to 
divisors in the Calabi-Yau manifold. (See, for example, [[IT] for a useful review). For any 
point p in V, the arithmetic genus of the corresponding divisor in the Calabi-Yau fourfold 
is given by a formula of f48|] . If p is interior to a face O* in V, and O p is the dual face in 
A (defined by 6 P = {q G A| < q, v > = -1, Vv G 6*}, note that dim{Q p ) + dim(0*) = 4), 
and /(©) is the number of lattice points interior to ©, the formula of ||S| is 

X (D p: 0(D P )) = 1 - (-l) d ^ e ^(6 p ), (5.15) 

where D p is the divisor in X corresponding to the point p. (If dim(Q*) = 4, the point p 
corresponds to a divisor in the embedding variety that does not intersect the space X, and 
hence does not give a divisor on X). 

Since we are studying F-theory compactifications, X is an elliptic fibration, i.e., there 
is a projection tc : X — > S3 whose generic fiber is an elliptic curve £, and the vertical 
divisors (which project down to divisors in S3) are the only ones that contribute to the 
superpotential. Now, by theorems in [^9| , |50[| , the polyhedron V contains a slice through 
the origin, where is the polyhedron describing the elliptic fiber (which is a torus, and 
hence Calabi-Yau) as a hypersurface in a toric variety. The theorem also assures us that 
there exists a projection acting on V, which projects to a point, and whose image is 
the fan T,b 3 of S3. Thus, points in V project down to points in Ss 3 , and hence describe 
divisors in S3. Furthermore, in order that a heterotic dual exist, X must also admit a K3 
fibration that is consistent with the elliptic fibration structure. This implies that S3 is 
itself a S 1 fibered over S2, the base of the heterotic threefold Z. 
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(0,1,-2) 



Fig. 5: In (A), we have the fan of -F n ,o,o = F n x P 1 , the base of the fourfold dual to 
the heterotic compactification on the elliptic Calabi-Yau threefold with base F n . 
In (B), we have the fan of F n ,o,o blown up three times over the zero section Co of 
F n , corresponding to three fivebranes wrapping Co in the heterotic base F n . 



When k fivebranes wrap a curve C in B2 which corresponds to a toric divisor, the 
corresponding base B 3 acquires k blowup modes over the corresponding divisor (see fig. 5). 
Thus, we get a line of points pi,p2, ■ ■ ■ ,Pk+i au of which project down to the divisor C in 
B2 under the projection P : B3 — > B2. The fact that all of these points lie in a straight 
line indicates that they all lie in the same face of V. In the simplest cases, pi and Pk+i are 
vertices in V, while P2, ■ ■ ■ ,Pk he in the edge joining p\ and Pk+i- In general, P2, ■ ■ ■ ,Pk 
are interior to a face 0* of V, while p± and Pk+i will usually lie on the boundary of O*, 
and hence in faces of lower dimension. Now the expression (|5.15| ) yields the same result 
for all points interior to a given face 0* of V. Thus we see immediately that p%, . ■ . ,Pk 
all have exactly the same arithmetic genus, and therefore, either they all contribute to the 
superpotential or they all do not. Moreover, it follows that the points p± and Pk+i can 
have a different arithmetic genus. 

We can actually compute the arithmetic genus of the divisors in the fourfold that 
correspond to heterotic worldsheet instantons and noncritical string instantons as follows. 
The points of V for the fourfold X can be put in the form (x, y, z,u,v), such that the 
slice (0,0, 0, it, v) gives Vf, and the slice (0, 0,z,u, v) gives Vk3- The projection P3 : 
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(x,y,z,u,v) — > (x,y,z) yields the fan E^ 3 of S3, the base of the elliptic fibration, while 
Pi : (x, y, z, u, v) — > (x, y) gives the fan Es 2 of the base Bi of the K3 fibration. The points 
q G A satisfy < q,p >> — 1, Wp G V. In terms of A, the polyhedron A^ 3 of the K3 fiber is 
seen as a projection 11x3 : { a , b, c, d, e} — > {c, d, e}, while Af of the elliptic fiber is given by 
Ilg : {a, 6, c, d, e} — > {d, ej [^9| , p0| . (We will use round brackets to denote points in V, and 
curly brackets to denote points in A.) For example, the polyhedron given by the points 

(1, 1, 0, 2, 3), (0, 1, 0, 2, 3), (0, 0, 1, 2, 3), (0, 0, 0, 2, 3), (0, 0, 0, 1, 2), (0, 0, 0, 1, 1), (0, 0, 0, 0, 1) 
(0, 0, 0, 0, 0), (0, 0, 0, 0, -1), (0, 0, 0, -1, 0), (-1, 0, 0, 2, 3), (0, -1, 0, 2, 3), (0, 0, -1, 2, 3) 

describes a fourfold elliptically fibered over Fi x P 1 , which can also be viewed as a K3 
fibration over F\. 

Consider first the case of the worldsheet instanton. This corresponds to a point p G V 
that projects down to a point p G £s 2 under P 2 , which describes a divisor (curve) Cp in 
Bi- Now Cp ■ Cp > —2, otherwise the elliptic fibration will be singular over Cp. In such a 
case we do not have heterotic worldsheet instantons, but rather instantons associated with 
the exceptional fibers. For Cp ■ Cp > —2, the point p is a vertex, whereas for Cp - Cp = —2, 
p is interior to an edge. Now, the points q which are interior to a face in A satisfy 
< q, v >= — l,Vu G 6* and < q, v > > 0, ^ 0* (v G V). But V contains the reflexive 
polyhedron V^3 as a slice. The only point in A#- 3 that has non-negative product with 
all the points in V K3 is the origin {0,0,0}, since, by reflexivity, it is the unique interior 
point of Ak3- Since IIx3(A) = A^3, it follows that the only points in A that have non- 
negative product with all the points in V^3 C V are of the form {a, 6,0,0,0}. Now, all 
the points interior to Q p must have non-negative product with any point in V not in 0*. 
In particular, they have non-negative product with any point in Vk3 C V, and so must be 
of the form {a, 6, 0, 0, 0}. It is then a simple matter to count Z(0 P ), the number of points 
interior to p . 

For Cp ■ Cp > —2, we find Z(0) = 1 + Cp ■ Cp. Since p is a vertex, dim{Q p ) = 4, and 
( |5.15|) gives 

x(D p ,0(Dp)) = -Cp-Cp. 



Using the results of [48] we also find 

h°'° = 1, h 1 ' = 0, h 2 >° = 0, h 3 >° = 1 + Cp ■ Cp, 
so that a superpotential is generated if and only if Cp ■ Cp = — 1. 
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When Cp ■ Cp = —2, we get 1(0) = 1. But dim(Q p ) = 3 (since p must lie in an edge, 
otherwise the fourfold X will not admit a K3 fibration consistent with the elliptic fibration 
structure), so ( |5.15| ) gives 



X(D P ,0(D P )) = 2 = -Cp-Cp. 

In fact, we find 

h°>° = l, h 1 >° = 0, h?>° = l, h 3 '° = 0. 

Now consider the case of the noncritical string instantons. We now have a line of 
points pi y . . . ,Pk+i ^ V all of which project down to the same point p G £s 2 . Once again, 
Cp ■ Cp > —2, otherwise we have exceptional fibers. 

For Cp ■ Cp > —2 the points pj, 2 < j < k lie in the edge ©^ k+1 joining pi and Pk+i- 
Once again, we see that all the points interior to ©i^+i are of the form {a, 6, 0, 0, 0}, and 
/(©i^+i) = 1 + Cp ■ Cp. Thus, for the points pj, 2 < j < /c, we get, using dim(Oi^+i) = 3 
and ( ETT5| ), 

X (D p . , 0(D p .)) =2 + Cp-C p = -K B2 ■ C p . 

We also find 

^o,o = 1? ^i,o = 0? h 2,o = 1 + c§ .Cp = -K B2 ■ Cp - 1, /i 3 ' = 0. 

But ©1,/c+i is the common face of ©i and ©fc+i- We see that all the points of the form 
{a, 6, 0, 0, 0} in ©i lie in ©i^+i and hence cannot be interior to ©i. Therefore, Z(©i) = 0, 
and similarly, = 0. We thus get 

X (D pl ,0(D Pl ))=x(D Ph+1 ,0(D Pk+1 )) = 1, 

and moreover, 

h°>° = l, ^ = 0, /i 2 '° = 0, /i 3 '° = 0. 

For Cp ■ Cp = —2, the points Pj,2 < j < k lie in a two dimensional face. Using the 
methods described above, we find 

x(D p .,O{D p .)) = = -K B2 -C p , 

and 

h°'° = l, h lfi = l, /i 2 '° = 0, h 3 '° = 0. 
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For the points pi and Pk+i, we get 

X (D Pl ,0(D Pl )) = x(D Pk+1 ,0(D Pk+1 )) = 1, 

and 

h°'° = l, h 1 >° = 0, h 2 '° = 0, h 3 >° = 0. 

We thus see that the toric method yields results which are in general agreement with 
formulas (|5.3|), (|5.4|), and (|5.12|) with g(C p ) = 0, since all the (toric) divisors C p in the 
toric variety B 2 are rational. 

Another way to compute the arithmetic genus of the horizontal divisors is to use 
x(D,0(D)) = 1/2Kb 3 ■ D 2 , which expresses the arithmetic genus of the vertical divisor 
D in the fourfold in terms of its image D in the base S3, and compute the right hand 
side from the fan of S3. As an illustrative example, we explicitly compute the arithmetic 
genera of the divisors in the Calabi-Yau fourfold fibered over the base shown in fig. 5(B). 
Now, each ray in the fan of the base corresponds to a divisor, and the canonical class 
K = —YjiDi. Furthermore, three (distinct) divisors intersect if and only if they form a 
cone in the fan. Thus, for instance, D\ ■ D 2 ■ -D5 = 1, but D5 ■ D4 ■ Dq = 0. In addition, 
there are three linear relations among the divisors imposed by the structure of the lattice. 
These relations are: 

D 2 =£> 4 

D 1 =nD 2 + D 7 + D 3 + D 8 + D 9 (5.16) 
D 5 + D 7 = D 8 + 2D 9 + D 6 

For the fan of fig. 5(A), the corresponding relations are identical except for the absence 
of the terms involving Dj, D$, Dg, since these divisors are absent. In this case, we recognize 
D5, Dq as giving the fan of the P 1 fiber, and D\, . . . , D4 as giving the fan of F n , with 
D2 = D4 = /. D\ = Coo, and -D3 = Cq. (Strictly speaking, D\ = P*(Coo), and so on). 
The fan of fig. 5(B) then describes the variety obtained by blowing up F n x P 1 three times 
over Co, the zero section of F n . 

After a simple computation, we obtain the following results: 

K-D 2 1 = -2n = -2C 2 00 , 
K ■ D\ = K ■ D\ = = -2/ 2 , 
K ■ D 2 = K ■ D 2 = 2, 
K ■ Dj = K ■ Dj = 4 - 2n = -2K Fn ■ C . 
The above results again agree with equations (|5Tl]), ( |5.4j ) and ( |5.12|) . 
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5.2. Physical Implications 

The above results have interesting physical implications. Note first that the behavior 
of the outer divisors in the chain is different from that of the inner divisors. In turn, all 
inner divisors have the same number of zero modes. This is actually the expected behavior 
since the outer and inner divisors correspond to two different types of open membranes as 
explained above. 

Although we have derived a necessary and sufficient formula for the generation of a 
nonperturbative superpotential very little is known about its explicit dependence on the 
complex structure moduli. A notable exception is the case treated in j5]J. Considering an 
exceptional divisor Di in the chain, the size of the P 1 fiber <pi combines with a Kaluza-Klein 
mode obtained by reducing the ten dimensional four-form on the harmonic form dual 
to Ei in £?3, resulting in a chiral multiplet The general expression of the corresponding 
superpotential term is of the form 

V~ e -*'f(...) (5.18) 
where /(. . .) is an unknown holomorphic function depending on the complex structure 



moduli of X as well as the $j and on the positions of the background threebranes flT9|,p2 
Furthermore, taking into account the possible extremal transitions discussed in the previ- 
ous section the classical moduli space has a very complicated structure. In this case, there 
could be contributions to the superpotential of perturbative nature as explained in the 
simpler context of N = 2 d = 3 gauge theories in [|53| . A discussion of these phenomena in 



a particular geometric situation has appeared in []54| . Therefore the analysis of this section 
is a small step towards a complete understanding of this complicated moduli space. 

Another interesting aspect is related to the fact that when the number of zero modes 
forbids the generation of a superpotential, there could be other associated nonperturbative 
effects. This is well known in the context of N = 1 field theories with Nf = N c when such 



an effect results in a quantum deformation of the classical moduli space 55 . As also 



explained in [[56] such a phenomenon can be produced by a divisor with \ = 0. In the 
present situation this is obviously the case when a horizontal heterotic fivebrane wraps 
an elliptic curve in C C I?2, according to ( |5.4f) . This suggests that in this case the four 
dimensional fivebrane-instanton transition can be "smoothed" by nonperturbative effects. 
However, extra care is needed since if g(C) = 1, we also have h 0,1 = 1, hence a cancelation 
could in principle take place. 
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